We prove a weighted W 2,p -a priori bound, p > 1, for a class of uniformly elliptic second-order differential operators on unbounded domains. We deduce a uniqueness and existence result for the solution of the related Dirichlet problem. MSC: 35J25; 35B45; 35R05
Introduction
In the last years the interest in weighted Sobolev spaces has been rapidly increasing, both for what concerns the structure of the spaces themselves as well as for their suitability in the theory of PDEs with prescribed boundary conditions. In particular, these spaces find a natural field of application in the case of unbounded domains. Indeed, in this setting, there is the need to impose not only conditions on the boundary of the set, but also conditions that control the behavior of the solution at infinity.
In this paper, we study, in an unbounded open subset Ω of R n , n ≥ , the uniformly elliptic second-order linear differential operator with discontinuous coefficients: To fix the ideas, one can think of the function
Among the various hypotheses involving discontinuous coefficients, we consider here those of Miranda 
where the dependence of the constant c is completely described. 
Weight functions and weighted spaces
We start recalling the definitions of our specific weight functions. Then we will focus on certain classes of related weighted Sobolev spaces recently introduced in [], where a detailed description and the proofs of all the properties below can be found. Let Ω be an open subset of R n , not necessarily bounded, n ≥ . We consider a weight
An example is given by
For k ∈ N  , p ∈ [, +∞[ and s ∈ R, and given a function ρ satisfying (.), we define W k,p s (Ω) as the space of distributions u on Ω such that
equipped with the norm given in (.). Furthermore, we denote the closure of C
Let us quote the following fundamental tool, which will allow us to exploit no-weighted results in order to pass to the weighted case.
with c  = c  (t) and c  = c  (t).
Moreover, if Ω has the segment property, then the map
From now on, we also suppose that the weight ρ satisfies the further assumptions
As an example, we can then consider
Let us associate to ρ the function σ defined by
It is easily seen that σ verifies (.) too, and, moreover,
and we set
and
Let us finally introduce the sequence
One has that, for any k ∈ N, σ and η k are equivalent, namely
Furthermore, concerning the derivatives, we have also, for any k ∈ N,
Moreover,
A class of spaces of Morrey type
Here we recall the definitions and the main properties of a class of spaces of Morrey type where the coefficients of our operator will be chosen. These spaces are a generalization to unbounded domains of the classical Morrey spaces and were introduced for the first time 
endowed with the norm defined in (.). One can easily check that, for any arbitrary t  , t  ∈ R + , a function g belongs to M q,λ (Ω, t  ) if and only if it belongs to M q,λ (Ω, t  ) and the norms of g in these two spaces are equivalent. Hence, we limit our attention to the space
respectively. The following inclusions (algebraic and topological) hold true:
Moreover, one has
• (Ω). http://www.journalofinequalitiesandapplications.com/content/2013/1/263
Now, let us define the moduli of continuity of functions belonging toM q,λ (Ω) or
M q,λ
• (Ω). For h ∈ R + and g ∈ M q,λ (Ω), we set
Given a function g ∈ M q,λ (Ω), the following characterization holds:
where ζ h denotes a function of class C
Thus, if g is a function inM q,λ (Ω), a modulus of continuity of g inM q,λ (Ω) is a mapσ q,λ [g] :
While if g belongs to M q,λ
We finally recall a result of [], obtained adapting to our framework a more general embedding theorem proved in [] .
Lemma . Let p >  and r, t ∈ [p, +∞[. If Ω is an open subset of R n having the cone property and g
with c = c (Ω, n, p, t). 
with the following conditions on the leading coefficients:
. . , n, with q >  and λ =  for n = ,
For lower-order terms, we suppose that
Let us start observing that, in view of Lemma ., under the assumptions
Then let us recall some known results contained in Theorem . and Corollary . of [] .
Theorem . Let L be defined in (.). If hypotheses
Moreover, the problem
is uniquely solvable. http://www.journalofinequalitiesandapplications.com/content/2013/1/263
Now we prove the claimed weighted W ,p -bound.
Theorem . Let L be defined in (.). Under hypotheses
Now if we write, η k = η, for a fixed k ∈ N, since η and σ are equivalent, one also has that
Hence, the estimate in Theorem . applies giving that there
Simple computations give then
Using (.) and (.), we deduce that
where c  ∈ R + depends on the same parameters as c  and on s.
On the other hand, from Lemma . and (.), we get
with c  = c  (Ω, n, p, r). Putting together (.), (.), (.) and (.), we obtain the bound
where c  depends on the same parameters as c  and on a i M r (Ω) . http://www.journalofinequalitiesandapplications.com/content/2013/1/263
Observe that by (.) it follows that there exists k o ∈ N such that
Therefore, if we still denote by η the function η k o , combining (.) and (.), we obtain
This together with the fact that σ and η are equivalent and in view of Lemma . (applied with t = s and considering σ as weight function) gives
with c  depending on the same parameters as c  and on k o , that is (.).
If ρ →  for |x| → +∞, then σ = ρ - , thus, always in view of the isomorphism of
. Therefore arguing as to get (.), one obtains
This concludes the proof of Theorem ..
Some uniqueness and existence results
In this last section we exploit our weighted estimate in order to deduce the solvability of the related Dirichlet problem. A preliminary result is needed. Thus, taking into account the result of Lemma . and using the method of continuity along a parameter (see, e.g., Theorem . of []), we obtain the claimed result.
Lemma . If hypothesis

